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Abstract 
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I. INTRODUCTION 



Though the idea that the dimension of the space-time may be more than four is very 
old, the possible existence of the extra space becomes a serious subject of theoretical and 
phenomenological study on unified theories only recently. In the view of the four-dimensional 
space-time, every kind of the field in higher dimensions has the corresponding Kaluza-Klein 
(KK) spectrum, if the extra space is compact. The mass of the excited state is proportional 
to the inverse of the size of the extra space. 

Recently Dienes claimed that the KK spectrum depends on the shape as well as the 
volume of the extra two-torus[l, 2]. [12] The consideration of the shape moduh of the manifold 
may alter experimental bounds on the compactification scale. 

On the other hand, there is another scheme to reexamine the concept of space, which is 
known as deconstruction[6, 7]. Suppose a number of copies of a four-dimensional theory. 
Further add a new set of fields, linking pairs of these individual "sites" in the theory space. 
The resulting whole theory may (or may not) be equivalent to a higher-dimensional theory 
with discretized, or, latticized extra dimensions. Evidence or signal for this kind of decon- 
structed dimension would be the discovery of a finite and specific "KK spectrum" in high 
energy experiments. 

A simple latticized model with a large number of sites in "two-dimensional" theory 
space [8] resembles a continuum compactification. It may be known that the discrete version 
of the shifted torus which Dienes examined can be (de) constructed naturally. Unfortunately, 
little attention has been paid to the detail of such formulation. When we wish to distinguish 
between the discrete and continuum theories by mean of future experiments, we should 
prepare the several detailed templates of the mass spectra. 

In this paper, we analyze the six-dimensional U{1) gauge theory with a latticized torus. 
We explicitly show the mass spectrum, which becomes the KK spectrum of the continuum 
theory in the limit of the large number of sites. Our toy model exhibits a clear correspondence 
between continuum theory and discrete theory and may give a physical and geometrical 
insight to model building. 

In Sec. II, we study the mass spectrum which comes from the U{1) gauge field on a shifted 
lattice. The one-loop effective potential for the Wilson line in scalar QED is discussed in 
Sec. III. We close with Sec. IV, where summary and conclusion are given. 
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II. SHIFTED LATTICE 



The discretization of a two-torus is realized by a doubly periodic lattice with Nu x Ny 
sites. The lagrangian we first consider is[13] 



1 



k=ii=i 9^ 



1 



, (1) 



where is a gauge couphng, Fj^[ — d^A^^ — d'^A'j^^ and = 0, 1, 2, 3. The link fields Uke 
and Vke are transformed as 

under U[\'^^^^^ {\Wk(\ = 1 for any kj,). Here h is an integer. For /i = 0, a similar model 
has been analyzed by Lane [8] (see FIG. 1). 




FIG. 1: A schematic view of the two- types of the latticized two-tori. Since the diagrams are similar 
to FIG. 4 in [7], labels for each site and link are omitted. The left graph corresponds to the case 
with /i = 0, while the right one corresponds to the case with h = 1. 

Then the covariant derivatives are 

(3) 
(4) 
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We assume that the potential V forces each \Uke\ into fu/V^ and each |T4^| into fv/V^- 
Then Uke and Vke are expressed as 



Uki = cxp (ixke/fu) , ^ (i^ke/fv) ■ 



We use the Fourier decomposition of the fields: 

1 



(5) 



(6) 



Xki — 



p,q 



J2 ^pq exp 



. (pk qi^ 

\ AT,, ; 



(7) 
(8) 



Substituting these component fields into the lagrangian (1), we find that the photon indicated 
by acquire the mass: 



(9) 



while only one pseudo Nambu-Goldstone boson (PNGB), which is the combination of Xoo 
and (Too survive. 

For small p/Ny and q/Nu, this mass spectrum becomes a continuum KK spectrum given 

by 



+ 



(10) 



This spectrum precisely corresponds to the equation (7) of Dienes' paper [1]: 



pq 



V T2 



where 



V 



T2 



Ny 



(11) 



(12) 



fu fv fv 

How much difference is caused when iV„ and A^^, are finite? For example, the spectra 
for {Nu, Ny) — (5, 3) and (21, 13) are shown in FIG. 2. Here the horizontal axis indicates 
the fractional part of ti.[14] The vertical axis indicates Mpq^/V / {2n) . The parameters are 
chosen by Eq. (12) and we take = fy for simplicity. The curves indicate the mass spectra 
in the large N^, Ny limit, or in the corresponding continuum case. 



One can see that the lowest (other than zero) mass level is almost on the curve of the 
continuum theory. For — 21 and Ny — 13, the higher levels also become close spectra to 
that in the continuum limit. Thus it is difficult to find the discreteness of the extra space 
only by the low mass spectrum, even if the torus is shifted or not. 



III. THE EFFECTIVE POTENTIAL 



We consider the one-loop effect of charged scalar fields and assume that Nu > 2, and 
Ny >3. The lagrangian for a complex scalar fields in our theory space is written by 



k=i e=i 
k=ie=i 

,e+h + ^4>*ke^k-i/-h^k-i,e~h — '^fv4>ke^ke) , 



k=li=l 



where 



Dyke = d^'4>ke-iA';^iki- 
The scalar field can be expanded in the same manner as the gauge field: 

' pk 



^E0,,exp^2..^- + - 



(13) 



(14) 



(15) 



Only the zero-mode fields Xoo and (Too affect on the mass spectrum induced from the scalar 
field. The masses are: 



pq 



/« sin + + sin 



Ny 7V„ 



+ 



(16) 



where x = Xoo/ VKJ^v and a = o-qo/ VKK,. 

The one-loop effective potential for % and a is obtained by 



lndet[-V' + M2j 



lim — 

e->0 



lim 



1 




dt 


(27r)4-2^ 


T 




/"^ dt 

lo T 


-2+ 


(47r)2-^ 





-{k' + M'Jt 



l^exp 



(17) 
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after an appropriate regularization. Using the formula[10] 



exp -4fsm\e/2)t\ - e"'^'* ^ cosnein{2fH) 

n=—oo 

oo 



where Iu{x) is the modified Bessel function, we can rewrite the effective potential as 

1 



(18) 



f47r)2 ^ [ ^ 

V^"/ P,9 \nu,nv=- 



where 



and 



(19) 



(20) 



/(n„,n.) = /^°° |e-^/^*-^/^^*/„„(2/„^t)4„(2/,^t) , (21) 

and in the summation (X^)', n„ = = is omitted since this term makes no dependence 
on X or ^■ 

Carrying out the summation over p and g, we find that every term satisfying + 
ny(^^ + j^)eZ is left. Therefore we find 



^e//(X,(7) 



E 



cos 



X I(q'N^-p'N,h,p'N,) 



[Q - ^hp)—— + p—— 

-''ti Ju Jv 



Its global minima are located at 



— X = 27rg , —a = 27r ( p + -rp/i? 1 [p, q are mtegers) . 



(22) 



(23) 



These minima are of course gauge equivalent, because simplest nontrivial Wilson loop ele- 
ments 

r /V -vi r / n- -v M 

(24) 









exp 


fu 


, exp 



, fv fu , 



become identity at the minima of the effective potential. 
An exact expression for I{nu,ny) is complicated as[10] 

I{nu,n^) 



r(5/2 - 


- ' 




r(|n„ 


+ 




1-2) 


r(|n„ 






+ 3)r(|n„| 


+ 1) 
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'X3F2 \nu\ - |n„| - 2, \nu\ + - 2, |n„| + 1/2; \nu\ - 3/2, 2|n„ 



+ 



32/„5 r(K|-5/2) 
TT /,r(|n„|-l/2) 



3-F2 - I'^i;!, 7^ + \nv\,^; \nu\ 



\n. 



^- . (25) 



2' /2 



For large and n^,, the integration in (21) can be approximated by using the following 
evaluation: 

1 ^ „z 00/1 \n, ,2n 



e ^ (-l)"r(z/ + n+ ^) ~ (-l)«z/^ 

V2^^o^!r(i/-n+i)(2^)" V2^^o ^'(2^^ 



~ ^=exp(-^) (^»1). 



^/2^^ 

Then the integration results in a rather simple form for large n„ and n„: 

32 1 1 

/(n„,n^) 



(26) 



(27) 



By using this with the notation (12), we find that the effective potential in the large and 
limit. 



2 1 



E 



cos 



(g' + pVi)^+p'^ 

Ju Jv , 



[(g'+pVi)Vr2 + (pOV2]3 ' 



(28) 



is that in the continuum U{1) gauge theory with compactification on the shifted two-torus. 

When the fractional part of ti does not vanish, the mass matrix of PNGBs has off-diagonal 
parts for any N. 



IV. CONCLUSION AND DISCUSSION 



In conclusion, we can build a theory space description of the shifted-torus compactifica- 
tion. The correspondence in the limit of large number of sites is found when the volume of 
extra space held fixed. 

Although the resulting mass spectra contain a finite number of massive states in our mod- 
els, the lowest non-zero mass is very close to that of the corresponding continuum models. 
Therefore it is difficult to distinguish the discrete and continuum theories experimentally 
through the direct production of the lowest KK state. If we can observe the virtual ex- 
change contribution of the KK states to cross sections, we can study the mass spectrum 
experimentally. For this purpose, we must compute amplitudes along with more realistic 
theories. This subject is left for future works. 



7 



We have also discussed the effective potential for PNGBs in our shifted-lattice model. 
We will perform more quantitative analysis of the effective potential for simple models 
of deconstruction. Moreover, the possibility of finite temperature effect on the effective 
potential will be discussed elsewhere[ll]. 
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FIG. 2: The mass spectra are plotted against the fractional part of ri (see text), (a) for Nu = 5 
and A^^ = 3, (6) for A^^ = 21 and Ny = 13. Not all mass levels are exhibited in this case. 
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